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On the eigenvalues of a biharmonic Steklov
problem
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Abstract: We consider an eigenvalue problem for the biharmonic operator with
Steklov-type boundary conditions. We obtain it as a limiting Neumann problem
for the biharmonic operator in a process of mass concentration at the boundary.
We study the dependence of the spectrum upon the domain. We show analyticity
of the symmetric functions of the eigenvalues under isovolumetric perturbations
and prove that balls are critical points for such functions under measure con-
straint. Moreover, we show that the ball is a maximizer for the first positive
eigenvalue among those domains with a prescribed fixed measure.
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1 Introduction
Let Ω be a bounded domain (i.e., a bounded connected open set) of class C2 in
R
N , N ≥ 2 and τ > 0. We consider the following Steklov eigenvalue problem for
the biharmonic operator

∆2u− τ∆u = 0, in Ω ,
∂2u
∂ν2
= 0, on ∂Ω ,
τ ∂u
∂ν
− div∂Ω (D2u.ν)− ∂∆u∂ν = λu, on ∂Ω ,
(1.1)
in the unknowns λ (the eigenvalue) and u (the eigenfunction). Here ν denotes the
unit outer normal to ∂Ω, div∂Ω the tangential divergence operator and D
2u the
Hessian matrix of u. The spectrum consists of a diverging sequence of eigenvalues
of finite multiplicity
0 = λ1 < λ2 ≤ · · · ≤ λj ≤ · · · ,
where we agree to repeat the eigenvalues according to their multiplicity.
When N = 2, problem (1.1) arises in the study of the vibration modes of a
free elastic plate subjet to lateral tension (represented by the parameter τ) whose
total mass is concentrated at the boundary. We can describe this concentration
phenomenon as follows.
∗Corresponding author
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For any ε sufficiently small we consider the ε-neighborhood of ∂Ω, namely
ωε = {x ∈ Ω : 0 < d(x, ∂Ω) < ε}. We fix M > 0 and define the function ρε on Ω
as follows
ρε=
{
ε, in Ω \ ωε ,
M−ε|Ω\ωε|
|ωε|
, in ωε .
For any x ∈ Ω we have ρε(x) → 0 as ε → 0. Moreover,
∫
Ω
ρε = M for all ε > 0.
Then we consider the following eigenvalue problem for the biharmonic operator
subject to Neumann boundary conditions

∆2u− τ∆u = λ(ε)ρεu, in Ω ,
∂2u
∂ν2
= 0, on ∂Ω ,
τ ∂u
∂ν
− div∂Ω (D2u.ν)− ∂∆u∂ν = 0, on ∂Ω .
(1.2)
The spectrum consists of a diverging sequence of eigenvalues of finite multiplicity
0 = λ1(ε) < λ2(ε) ≤ · · · ≤ λj(ε) ≤ · · · ,
where we agree to repeat the eigenvalues according to their multiplicity. Here we
emphasize the dependence of the eigenvalues on the parameter ε.
We remark that for N = 2 problem (1.2) provides the fundamental modes
of vibration of a free elastic plate with mass density ρε and total mass M , as
discussed in [Ch11, Chasman]. We refer to [Ch11] for the derivation and the
physical interpretation of problem (1.2).
It is possible to prove that the eigenvalues and the eigenfunctions of (1.2)
converge to the eigenvalues and eigenfunctions of (1.1) as ε goes to zero (see, e.g.,
[ArJi08, BuPr14, LaPr14]).
The aim of this paper is to study a few properties concerning the dependence
of the eigenvalues of (1.1) upon perturbations of the domain Ω which preserve
the measure.
First, we study the asymptotic behavior of the eigenvalues of (1.2) as ε → 0
providing an interpretation of (1.1) as the model of a free vibrating plate with all
the mass concentrated at the boundary (see Theorem 2.1). This fact suggests that
(1.1) is the natural fourth order generalization of the classical Steklov eigenvalue
problem for the Laplace operator, see [St02] and the recent [La14] for related
problems.
Second, we consider the problem of the optimal shape of Ω for the eigenvalues
of (1.1) under the constraint that the measure of Ω is fixed. This problem has been
largely investigated for the Laplace operator subject to different homogeneous
boundary conditions. We refer to [He06, Henrot] for a collection of results on the
subject. See also [Ba80, Bandle]. As far as the biharmonic operator is concerned,
only a few results exist in literature. It has been proved in [Na95, Nadirashvili]
for N = 2 and soon generalized in [AsBe95, Ashbaugh, Benguria] for N = 3 that
the ball is a minimizer for the first eigenvalue of the biharmonic operator subject
to Dirichlet boundary conditions. In the recent paper [Ch11], it has been proved
that the first positive eigenvalue of problem (1.2) with constant mass density
ρ ≡ 1 is maximized by the ball among those sets with a fixed measure.
2
As for Steklov boundary conditions, we refer to [BuFe09, Bucur, Ferrero, Gazzola]
and the references therein. The authors consider the following eigenvalue problem

∆2u = 0, in Ω ,
u = 0, on ∂Ω ,
∆u = λ∂u
∂ν
, on ∂Ω .
(1.3)
Problem (1.3) should not be confused with problem (1.1) and reveals a rather
different nature. (We note that one may refer to Steklov-type boundary conditions
for those problems where the spectral parameter enters the boundary conditions.)
By following the approach developed in [BuLa13, BuLa14] we prove that sim-
ple eigenvalues and the symmetric functions of multiple eigenvalues of (1.1) de-
pend real analytically upon transformations of the domain Ω (see Theorem 3.1)
and we characterize those critical trasformations which preserve the measure (see
Corollary 3.3). See also [LaLa04, LaLa06, LaLa07]. Then we show that the ball
is a critical point for all simple eigenvalues and all symmetric functions of the
eigenvalues under measure constraint in the sense of Theorem 3.4.
Finally, we prove the following isoperimetric inequality: “The ball is a maxi-
mizer for the first positive eigenvalue of problem (1.1) among those bounded do-
mains with a fixed measure” (see Theorem 4.7). To do so, we follow the approach
of [Ch11] and in particular we study problem (1.1) when Ω is the unit ball in RN ,
identifying the first positive eigenvalue and the corresponding eigenfunctions.
Detailed proofs of the results announced in this paper can be found in [BuPr14].
2 Asymptotic behavior of Neumann eigenvalues
Let Ω be a bounded domain in RN of class C2. Let λj and λj(ε), j ∈ N\{0}, be the
eigenvalues of (1.1) and (1.2) respectively. For the sake of simplicity and without
any loss of generality we assume that M = |∂Ω|. We recall that λ1 = λ1(ε) = 0,
while λ2, λ2(ε) > 0 for all ε > 0.
We have the following result concerning the spectral convergence of problem
(1.2) to problem (1.1).
Theorem 2.1 Let Ω be a bounded domain in RN of class C2. Then λj(ε)→ λj
for all j ∈ N \ {0}. Moreover the projections on the eigenspaces associated with
the eigenvalues converge in norm.
This theorem can be proved by using the notion of compact convergence for the
resolvent operators which implies, in the case of selfadjoint operators, convergence
in norm. It is well known that if a family of selfadjoint operators Aε converges
in norm to a selfadjoint operator A, then isolated eigenvalues of A are exactly
the limits of eigenvalues of Aε counting multiplicity. Moreover, eigenprojections
converge in norm. We refer to [BuPr14, LaPr14] for more details. We also refer to
the recent paper [ArLa13] for a general approach to the shape sensitivity analysis
of higher order operators.
Theorem 2.1 justifies our interpretation of problem (1.1) as the equations of
a free vibrating plate whose mass is concentrated at the boundary. However,
we can also directly obtain (1.1) by deriving the equations of motions of a free
vibrating plate with constant surface density. To do so, we follow the approach
of [We52, ch.10-8] in the case N = 2. We represent the displacement at rest of
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the plate by means of a domain Ω ⊂ R2 and we describe the vertical deviation
from the equilibrium during the vibration of each point (x, y) ∈ Ω at time t by
means of a function v(x, y, t) ∈ C2(Ω × [t1, t2]). Then we write the Hamiltonian
H of the system
H = 1
2
∫ t2
t1
∫
∂Ω
v˙2dσdt− 1
2
∫ t2
t1
∫
Ω
(
v2xx + v
2
yy + 2v
2
xy
)
+ τ
(
v2x + v
2
y
)
dxdydt. (2.2)
According to Hamilton’s Variational Principle, we have to minimize the Hamil-
tonian H. Let v ∈ C2(Ω× [t1, t2]) be a minimizer for H. Then by differentiating
(2.2) it follows that v satisfies
−
∫ t2
t1
∫
∂Ω
ηv¨dσdt−
∫ t2
t1
∫
Ω
η
(
∆2v − τ∆v) dxdydt
−
∫ t2
t1
∫
∂Ω
∂η
∂ν
∂2v
∂ν2
− η
(
τ
∂v
∂ν
− div∂Ω
(
D2v.ν
)
∂Ω
− ∂∆v
∂ν
)
dσdt = 0,
for all η ∈ C2(Ω× [t1, t2]). We refer [Ch11] for the details. By the arbitrary choice
of η we obtain 

∆2v − τ∆v = 0, in Ω,
∂2v
∂ν2
= 0, on ∂Ω,
v¨ + τ ∂v
∂ν
− div∂Ω (D2v.ν)− ∂∆v∂ν = 0, on ∂Ω,
for all t ∈ R. As is customary, by looking for solution of the form v(x, y, t) =
u(x, y)ψ(t). We find that the temporal component ψ(t) solves the ordinary differ-
ential equation −ψ¨ = λψ for all t ∈ [t1, t2], while the spatial component u solves
problem (1.1).
3 Isovolumetric perturbations
Given a bounded domain in RN of class C2, we set
Φ(Ω) =
{
φ ∈ (C2 (Ω))N : φ injective and inf
Ω
| detDφ| > 0
}
.
We observe that if Ω is of class C2 and φ ∈ Φ(Ω), it makes sense to study problem
(1.1) on φ(Ω). For any φ ∈ Φ(Ω) we denote by λj(φ), j ∈ N\{0}, the eigenvalues
of (1.1) on φ(Ω).
We plan to study the dependence of the eigenvalues upon the function φ. In
general, one cannot expect differentiability of the eigenvalues with respect to φ.
This is due, for example, to well known bifurcation phenomena that occur when
multiple eigenvalues split from a simple eigenvalue. However, as is pointed out
in [BuLa13, BuLa14], in the case of multiple eigenvalues it is possibile to prove
analyticity for the symmetric functions of the eigenvalues. Namely, given a finite
set of indexes F ⊂ N \ {0}, one can consider the symmetric functions of the
eigenvalues with indexes in F
ΛF,s(φ) =
∑
j1<···<js∈F
λj1(φ) · · ·λjs(φ),
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and prove that such functions are real analytic on the set
AΩ[F ] = {φ ∈ Φ(Ω) : λl(φ) 6∈ {λj(φ) : j ∈ F} ∀l ∈ N \ (F ∪ {0})} .
Then it is possible to find formulas for the Fre´chet derivatives of the symmetric
functions of the eigenvalues. It is convenient to set
ΘΩ[F ] = {φ ∈ AΩ[F ] : λj1(φ) = λj2(φ) , ∀j1, j2 ∈ F} .
Theorem 3.1 Let Ω be a bounded domain of RN of class C2. Let F be a finite
non-empty subset of N \ {0}. Then AΩ is open in Φ(Ω) and ΛF,s are real analytic
in AΩ. Moreover, let φ˜ ∈ ΘΩ[F ] be such that ∂φ˜(Ω) ∈ C4. Let v1, ..., v|F | be a
orthonormal basis of the eigenspace associated with the eigenvalue λF (φ˜). Then
d|φ=φ˜(ΛF,s)(ψ) = −λsF (φ˜)
(|F | − 1
s− 1
) |F |∑
l=1
∫
∂φ˜(Ω)
(
λFKv
2
l
+ λF
∂(v2l )
∂ν
− τ |∇vl|2 − |D2vl|2
)
µ · νdσ, (3.2)
for all ψ ∈ (C2(Ω))N , where µ = ψ ◦ φ(−1), and K denotes the mean curvature
on ∂φ˜(Ω).
The proof follows the lines of the corresponding results provided in [BuLa13] and
[BuLa14] for general poly-harmonic operators subject to Dirichlet boundary con-
ditions and for the biharmonic operator subject to hinged boundary conditions.
We consider now the problem of finding critical points φ ∈ Φ(Ω) for the
symmetric functions of the eigenvalues under the condition that φ preserves the
measure. We set V(φ) = ∫
φ(Ω)
dy =
∫
Ω
|detDφ|dx. We fix V0 ∈]0,+∞[ and
consider the set V (V0) = {φ ∈ Φ(Ω) : V(φ) = V0}. Given Ω such that |Ω| = V0,
V (V0) is the subset of Φ(Ω) of those functions φ preserving the measure. By
formula (3.2) and by the Lagrange Multipliers Theorem we can characterize the
critical points.
Corollary 3.3 Let all the assumptions of Theorem 3.1 hold. Then φ˜ ∈ Φ(Ω) is
a critical point for ΛF,s on V (V0) if and only if there exists a constant c ∈ R such
that
|F |∑
l=1
(
λF (φ˜)
(
Kv2l +
∂v2l
∂ν
)
− τ |∇vl|2 − |D2vl|2
)
= c, a.e. on ∂φ˜(Ω),
where K denotes the mean curvature on ∂φ˜(Ω).
Thanks to Corollary 3.3 we can prove that balls are critical points for the sym-
metric functions of the eigenvalues under measure constraint, in the sense of the
following
Theorem 3.4 Let φ˜ ∈ Φ(Ω) be such that φ˜(Ω) is a ball. Let λ˜ be an eigenvalue
of the problem in φ˜(Ω), and let F be the set of all j ∈ N\{0} such that λj(φ˜) = λ˜.
Then ΛF,s has a critical point at φ˜ on V (V0), for all s = 1, . . . , |F |.
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The proof can be carried out as in [BuLa13, BuLa14]. Namely, given λ an eigen-
value of problem (1.1) on the unit ball B in RN , consider the subset F of N \ {0}
of those indexes j such that the j-th eigenvalue of problem (1.1) in B coincides
with λ. Consider then v1, ..., v|F | an orthonormal basis of the eigenspace associ-
ated with the eigenvalue λ, where the orthonormality is taken with respect to
the scalar product in L2(∂B). Then it is possible to show that the quantities∑|F |
j=1 v
2
j ,
∑|F |
j=1 |∇vj|2 and
∑|F |
j=1 |D2vj |2 are radial functions. This fact and the
fact that the mean curvature K is constant on the ball allow to conclude.
4 The isoperimetric inequality
Let us consider problem (1.1) when Ω = B is the unit ball in RN . It is convenient
to use spherical coordinates (r, θ) in RN , where θ = (θ1, ..., θN−1), with r ∈ [0, 1[ ,
θ1, ..., θN−2 ∈ [0, pi] , θN−1 ∈ [0, 2pi]. In this case the boundary conditions can we
written in the following form{
∂2u
∂r2 |r=1
= 0,
τ ∂u
∂r
− 1
r2
∆S
(
∂u
∂r
− u
r
)
− ∂∆u
∂r |r=1
= λu|r=1,
(4.1)
where ∆S is the angular part of the Laplacian (see [Ch11] for details). Then,
the eigenfunctions of problem (1.1) on the ball can be described explicitly as in
the following lemma. We refer to [AbSt64, ch.9] for well-known definitions and
properties of Bessel functions.
Lemma 4.2 Let B be the unit ball in RN . An eigenfunction u of (1.1) is of
the form u(r, θ) = Rl(r)Yl(θ), where Yl(θ) is a spherical harmonic of some order
l ∈ N,
Rl(r) = Alr
l +Blil(
√
τr) (4.3)
and Al and Bl are suitable constants such that
Bl =
l(1− l)
τi′′l (
√
τ )
Al. (4.4)
Here il denotes the ultraspherical modified Bessel function of the first kind, which
is defined by
il(z) = z
1−N
2 IN
2
−1+l(z),
where Il(z) denotes the modified Bessel function of the first kind.
We note that equality (4.4) is obtained by imposing the boundary conditions
(4.1) to the function (4.3).
Lemma 4.2 allows to find explicit formulas for the eigenvalues. In the sequel
we will denote by λ(l) the eigenvalue corresponding to the eigenfunction ul defined
in Lemma 4.2.
Lemma 4.5 The eigenvalues λ(l) of problem (1.1) on B are delivered by the
formula
λ(l) = l
(
(1− l)lil(
√
τ) + τi′′l (
√
τ)
)−1[
3(l − 1)l(l +N − 2)il(
√
τ)
−(l − 1)√τ(N − 1 + 2Nl + 2l(l − 2)l + τ)i′l(√τ)
+τ
(
(l − 1)(l + 2N − 3) + τ)i′′l (√τ)
+(l − 1)τ√τi′′′l (
√
τ)
]
,
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with l ∈ N.
Now we need to identify the index l satisfying λ(l) = λ2, that is the first
positive eigenvalue of (1.1). This is done by means of the following
Lemma 4.6 The first positive eigenvalue of problem (1.1) on B is λ2 = λ(1) = τ .
The corresponding eigenspace is generated by the coordinate functions {x1, ..., xN}.
The proof of Lemma 4.6 consists in two steps. In the first step we observe that
0 = λ(0) < λ(1) = τ . Moreover, by using well known recurrence relations for
modified ultraspherical Bessel functions of the first kind and their derivatives we
are able to prove that λ(1) < λ(2). In the second step we show that for any smooth
radial function R(r), the Rayleigh quotient
Q(R(r)Yl(θ)) =
∫
Ω
|D2(R(r)Yl(θ))|2 + τ |∇(R(r)Yl(θ))|2dx∫
∂Ω
R(r)2Yl(θ)2dσ
is an increasing function of l for l ≥ 2. This, combined with the variational
characterization of the eigenvalues, allows us to conclude that λ(l) is an increasing
function of l for l ≥ 2.
We are ready to state the isoperimetric inequality.
Theorem 4.7 Among all bounded domains of class C2 with fixed measure, the
ball maximizes the first non-negative eigenvalue, that is λ2(Ω) ≤ λ2(Ω∗), where
Ω∗ is a ball with the same measure as Ω.
The proof can be carried out as in [He06, par.7.3]. Namely, we use the follow-
ing variational characterization of the sum of inverse of eigenvalues
N+1∑
l=2
1
λl(Ω)
= max
{
N+1∑
l=2
∫
∂Ω
v2l dσ
}
, (4.8)
where {vl}N+1l=2 is a family in H2(Ω) satisfying
∫
Ω
D2vi : D
2vj+ τ∇vi ·∇vjdx = δij
and
∫
∂Ω
vldσ = 0 for all l = 2, ..., N + 1. We plug the functions vl = (τ |Ω|)− 12xl,
with l = 1, ..., N , into (4.8) and we use the following inequality∫
∂Ω
f(|x|)dσ ≥
∫
∂Ω∗
f(|x|)dσ, (4.9)
where Ω∗ is the ball with the same measure of Ω and f is a continuous, non-
negative, non-decreasing function defined on [0,+∞) and moreover is such that
the map t 7→ (f(t1/N )−f(0))t1−(1/N) is convex. Then the isoperimetric inequality
easily follows. We refer to [HiXu93] for the proof of (4.8) and to [BeBr99] for the
proof of (4.9).
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